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Abstract. We investigate conditions under which a co-computably enumerable set in a 
computable metric space is computable. Using higher-dimensional chains and spherical 
chains we prove that in each computable metric space which is locally computable each 
co-computably enumerable sphere is computable and each co-c.e. cell with co-c.e. boundary 
sphere is computable. 



1. Introduction 

A closed subset of is said to be computable if it can be effectively approximated by 
a finite set of points with rational coordinates with arbitrary given precision on arbitrary 
given bounded region of M™". A closed subset of M'" is said to be co- computable enumerable 
( co-c. e.) if its complement can be effectively covered by open balls. Each computable set is 
co-c.e. On the other hand, there exist co-c.e. sets which are not computable. In fact, while 
each nonempty computable set contains computable points, there exists a nonempty co-c.e. 
set which contains no computable points ([9j). Although the implication 

S co-computably enumerable =^ S computable (1-1) 

does not hold in general, there are certain conditions under which it does hold. The following 
result has been proved in [7]: 

(i) if 5" C M™ is homeomorphic to S"", where C M"+^ is the unit sphere, then (1.1) 
holds; 

(ii) if S" C M'" is such that there exists a homeomorphism / : i?" — t- S, where i?" C M" is 



the unit ball, such that /(S"" ^) is a co-c.e. set, then (1.1) holds. 
In the case n = 1, i.e. in the case when S is a topological circle or when 5" is a co-c.e. arc with 
computable endpoints, the preceding result has been generalized in |5j to computable metric 
spaces with the effective covering property and compact closed balls. Furthermore, by [6], 
the assumption of the effective covering property and compact closed balls can be replaced 
here by the weaker assumption that a computable metric space is locally computable. 

In this paper we prove that this result holds for every m > 1, i.e. we prove that if 
{X, d, a) is a computable metric space which is locally computable, then 
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(i) if S" is a co-c.e. set in {X, d, a) homeomorphic to S", then S is computable in {X, d, a); 

(ii) if / : i?" — )• 5 is a homeomorphism, where S is co-c.e. in (X,d,a), such that f{S^~^) 
is also co-c.e., then S is computable. 

In order to prove this, we use techniques similar to those in [5]. In Section [3] we examine 
the topological side of the problem. We define the notions of n— chain and spherical n— chain 
in a metric space. These notions play the same role as the notions of a chain and a circular 
chain play in the proof of the main results of [5]. However, the higher- dimensional aspect 
of the problem will require some deeper topological facts and we will rely here on a result 
proved in [3] . In Section [4] we include computability into consideration and we prove the 



main results of the paper: Theorem 4.8 and Theorem 4.9 



2. Preliminaries 

If X is a set, let V{X) denote the set of all subsets of X. 
For m G N let Nm = {0, . . . , m}. For n > 1 let 

N;:;, = {{xi,...,Xn) \xi,...,Xne Nm}. 

We say that a function <I> : N'^ — > P(N") is computable if the function ^ : N'^+" — > N 
defined by 

^{x,y) = x<i>ix){y), 

X E N*^, y E is computable (i.e. recursive). Here X5 : — )• {0, 1} denotes the character- 
istic function of 5 C N". A function $ : N*^ — )■ 'P(N") is said to be computably bounded 

if there exists a computable function 99 : N'^ — )• N such that ^{x) C N^^^.^, for all x E N^. 

We say that a function $ : — ?• ^(N") is c.c.b. if $ is computable and computably 
bounded. 

Proposition 2.1. 

(1) // <I>, ^ : N'' T'(N") are c.c.b. functions, then the sets {x E | ^(x) = ^{x)} and 
{x E N'^ I C vl((x)} are decidable. 

(2) Let $ : N*^ ^ P(N") and ^ : ^ P(N™) be c.c.b. functions. Let A : N'^ ^ P(N™) be 
defined by 

A{x)= \J ^{z), 

X E N''. Then A is a c.c.b. function. 

(3) Let $ : N'^ ^ P(N") be c.c.b. and let T C N" 6e c.e. Then the set 5 = {x E N'^ | 
$(x) C T} is c.e. □ 

A function F : N'^"*'^ — )• Q is called computable if there exist computable functions a,b,c : 



F{x) = (-l)^W: 



a(x) 



b{x) + 1 

for each x E N'^"'"^. A number x E M is said to be computable if there exists a computable 
function 5 : N — t- Q such that |x — g{i)\ < 2~* for each i E N. 

By a computable function N'^ — )• M we mean a function / : — )• M for which there 
exists a computable function F : N'^^^ — )• Q such that 

|/(x)-F(x,i)| <2-^ 
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for all X G and i e N. 

In the following proposition we state some elementary facts about computable functions 
^ M. 

Proposition 2.2. 

(1) If f,g : N*"' —7- M are computable, then f + g, f — g : ^ are computable. 

(2) // / : N'^ — ;> M and F : N'^^-^ — )■ M are functions such that F is computable and 
\f{x) - F{x,i)\ < 2~\ Vx G N^, Vi G N, i/ien / is computable. 

(3) // / : N""*"^ —7- M and 9? : N — t- N are computable functions, then the function 5 : N — t- M 
defined by 

g{l)= max /(/, ji, . . . , j„) 

0<jlvJn<'y5(0 

is computable. 

(4) // /, 5 : N*^ — )• M are computable functions, then the set {x G N'^ | /(x) > (7(x)} is c.e. 

□ 

A tuple {X, d, a) is said to be a computable metric space if (X, d) is a metric space and 
a : N — )• X is a sequence dense in {X,d) (i.e. a sequence which range is dense in {X,d)) 
such that the function — > M, 

(i,i) (i(ai,Qj) 

is computable (we use notation a = 

If {X,d,a) is a computable metric space, then a sequence (xj) in X is said to be 
computable in {X, d, a) if there exists a computable function F : — t- N such that 

(i(xi,Qir(j,fc)) < 2"'' 

for all i, A; G N. A point a G X is said to be computable in {X, d, a) if the constant 
sequence a, a, . . . is computable. 

Let {X, d, a) be a computable metric space. Let (7 : N — Q be some fixed computable 
function whose image is Qn (0, 00) and let r, r' : N — t- N be some fixed computable functions 
such that {(T(i),r'(i)) | i G N} = N^. For i G N we define 

li = B{ar{i),qr'{i)), h = B{ar{i), qr'{i))- 
Here, for x £ X and r > 0, we denote by B{x, r) the open ball of radius r centered at 
X and by B{x,r) the corresponding closed ball, i.e. B{x,r) = {y £ X \ d{x,y) < r}, 
B{x, r) = {y £ X \ d{x, y) < r}. For A <^ X we will denote the closure of A by A. 
As a consequence of Proposition 2.2 we get the following corollary. 

Corollary 2.3. Let {X, d, a) be a computable metric space. The set {{k,i) G | G /J 
is c.e. □ 

A closed subset S of {X, d) is said to be computably enumerable in {X, d, a) if 

{i G N I 5 n /i / 0} 

is a c.e. subset of N. A closed subset S is said to be co-computably enumerable in 

{X, d, a) if there exists a computable function / : N — )• N such that 

X\S=ljlf^,y 
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It is easy to see that these definitions do not depend on functions r, r' and q. We say that 
S is a computable set in {X, d, a) if S is both computably enumerable and co-computably 
enumerable (|2lll0]). 

Let (T : — )• N and : N — t- N be some fixed computable functions with the following 
property: 0), . . . , cr(j, r]{j))) | j G N} is the set of all finite sequences in N excluding 

the empty sequence, i.e. the set {{uq, . . . , an) | n G N, ao, . . . , a„ G N}. Such functions, for 
instance, can be defined using the Cantor pairing function. We use the following notation: 

instead of cr{j,i) and j instead of ri{j). Hence 

{((i)o,...,(i)j)liGN} 

is the set of all finite sequences in N. For j G N let [j] be defined by 

b1 = {(j). |0<i<j}. (2.1) 

Note that the function N P(N), j i-^ [j], is c.c.b. 

Let {X, d, a) be a computable metric space. For j G N we define 

jj = U = u ^- 

The sets Jj represent finite unions of rational balls and the sets Jj finite unions of closed 
rational balls. 

Corollary 2.4. Let {X, d, a) be a computable metric space. The set {(kj) G | afc G Jj} 
is c.e. 

Proof. We have G Jj if and only if there exists i G N such that i < j and G /q)- and 
the claim follows from Corollary |2.3[ D 

A computable metric space {X, d, a) has the effective covering property if the set 

GN^ I C Jj.} 

is computably enumerable ([2]). It is not hard to see that this definition does not depend 
on the choice of the functions q,T,T' ,a,r] which are necessary in the definitions of sets /«, 
and Jj. 

For example, if a : N — >• M" is a computable function (in the sense that the component 
functions of a are computable) whose image is dense in M" and d is the Euclidean metric 
on M, then (W^,d,a) is a computable metric space. A sequence (xj) is computable in this 
computable metric space if and only if (xj) is a computable sequence in M" and {xi, . . . , x„) G 
M" is a computable point in this space if and only if computable numbers. 

This computable metric space has the effective covering property (see e.g. [3]). 

If {X, d, a) is a computable metric space, then a compact set K in {X, d) is said to 
be computably compact in (X, d, a) if K is computably enumerable in (X, d, a) and if 
the set {j G N I C Jj} is c.e. ([I]). A computable metric space {X,d,a) is locally 
computable ([Ij) if for each compact set A in {X,d) there exists a computably compact 
set K in {X, d, a) such that A <^ K. 

Let {X, d, a) be a computable metric space. A computable metric space {Y, d' , /3) is said 
to be a subspace of {X, d, a) if Y C X , d' : Y x Y ^ R is the restriction of d : X x X 
and /3 is a computable sequence in {X, d, a). 

The proofs of the following propositions can be found in [6]. 
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Proposition 2.5. Let {Y,d',l3) be a subspace of a computable metric space {X,d,a) and 
let 5 c y. 

(i) If S is co-c.e. in {X,d,a), then S is co-c.e. in {Y,d',P). 

(ii) If S is c.e. in {X,d,a), then S is c.e. in {Y,d',f3). Conversely, if S is closed in {X,d) 
and c.e. in {Y,d',P), then S is c.e. in {X,d,a). □ 

Proposition 2.6. Let (X, d, a) be a computable metric space and let K be a nonempty 
compact set in {X, d). Then K is computably compact in (X, d, a) if and only if there exist 
a metric d' on K and a sequence (3 in K such that (K,d',/3) is a subspace of {X,d,a) and 
{K,d',(3) has the effective covering property. □ 



3. n-CHAINS AND SPHERICAL n-CHAINS 

For n > 1 let 

= G M" I ||x|| < 1} 

and 

= {x£ M" I ||x|| = 1}. 

A topological space X is called an n— cell if it is homeomorphic to B^. We say that X is 
an n— sphere if it is homeomorphic to S*"". 

By the boundary sphere of an n— cell E we mean the set f{S^~^), where / : — t- E 
is a homeomorphism. (Note that the boundary sphere of E, when ii^ is a subspace of 
some topological space X, need not be equal to the topological boundary of E in X.) 
The definition of the boundary sphere does not depend on a particular homeomorphism 
/ : i?" — )• E. Namely, this a consequence of the fact that each homeomorphism i?" — )• i?" 
maps S^~^ onto S^^^ (or equivalently B^ \ S^~^ onto i?" \ 5"*^^) which follows from the 
Invariance of domain theorem (see [8]): ii h -.U — )• M" is continuous and injective, where U 
is an open subset of M", then h{U) is open. 

The result that we want to prove can now be restated in this way: if (X, d, a) is a 
computable metric space which is locally computable, then 

(1) each co-c.e. n— sphere is computable; 

(2) each co-c.e. n— cell whose boundary sphere is co-c.e. is computable. 

Let us first note that it is enough to prove this result in the case when {X, d, a) is 
a computable metric space which has the effective covering property and compact closed 
balls. Namely, suppose that the result holds for such computable metric spaces and let 
{X, d, a) be a computable metric space which is locally computable. Let 5 C X be a co-c.e. 



n-sphere. Then S K, where K is computably compact in {X,d,a). By Proposition 2.6 
there exist d' and f3 such that {K, d' , (3) is a subspace of (X, d, a) and such that {K, d' , f3) has 
the effective covering property. By Proposit ion |2.5[ i) S is co-c.e. in (K,d',/3) and therefore 
S is computable in {K,d',P). Proposition |2.5[ ii) implies now that S is c.e. in {X,d,a), 
hence S is computable in {X,d,a). In the same way we get that each co-c.e. n— cell in 
(X, d, a) whose boundary sphere is co-c.e. is computable. 

Let us observe how the statement (2) was proved in [5] in the case n = 1. Let E he a 
co-c.e. arc with computable endpoints a and b. For each e > there exists a finite sequence 
of open sets Cq, . . . , Cm such that 

(i) ^ C Co U • • • U C7„; 

(ii) a G Co, 6 e Cm] 
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(iii) Ci n Cj = for all i,j such that \i — j\ > 1; 

(iv) each Ci is the finite union of rational balls, i.e. it is equal to some Jj; 

(v) diam Cj < e, 

where diamCj denotes the diameter of the set Ci (see Figure 1). Since S is co-c.e. and 
{X, d, a) has the effective covering property and compact closed balls, it is possible to find 
effectively for each A; G N sets Co, . . . , Cm with properties (i)-(v), where e = 2~^. 






Figure 1. 



Figure 2. 



However, this means that we can effectively approximate S, namely properties (i)-(v) imply 
that Co U • • • U Cm is a 2"^^— approximation of S in the following sense: for each x & E there 
exists ?/ G Co U • • • U Cm such that d{x, y) < and for each y G Co U • • • U Cm there exists 
X ^ E such that d{y, x) < 2~'^. Using this fact we can prove that E is computable. 

Why properties (i)-(v) imply that Co U • • • U Cm is an 2"^^— approximation of 37 The 
fact that for each x ^ E there exists y G Co U • • • U Cm such that d{x, y) < follows 
trivially from (i). On the other hand, the fact that for each y G Co U • • • U Cm there exists 
X € E such that d{y, x) < can be easily deduced from (v) and the fact that 

Ci n 5 / for each i G {0, . . . , m}. (3.1) 

But why (3.1) holds? If we assume Ci D E = 9 for some i G {0, 
and Co U 



,m}, then < i < m 
are two disjoint open sets (Figure 2.) which cover 



U Ci_i and Cj+i U • • • U C^ 
E and each of them intersects E which contradicts the fact that E is connected. 

Suppose now that E is a 2— cell which is co-c.e. and whose boundary sphere is co-c.e. 
In order to prove that E is computable, we would like to proceed similarly as in the case 
of an arc. Naturally, in this case we are trying to find sets Cij, < i, j < m, which satisfy 
properties similar to properties (i)-(v) with basic difference that instead of (iii) we require 

C,j n Ci/jv = if |f - i'l > 1 or \j - j'\ > 1. (3.2) 
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Figure 3. The sets Cjj- cover the 2-cen whose boundary sphere is the red curve 

The main question here is what other properties we should require so that those properties 
imply 

dj n ^ / for all i,i G {0, . . . ,m}; (3.3) 



the fact (3.3) is important since we want to conclude that |Jj ■ Cij approximates E in the 



same way as in the case of an arc. 

If we suppose that iq and jo are such that < io < w., < jo < ""^ and such that 
Cjg Jo r\ E = then we cannot conclude in general that E is covered by two disjoint open 
sets as in the case of an arc, but we can define the sets 

i<io j i>io j 

j<jo i j>jo i 

and then these sets cover E and we have U Ci U' = ^, V Ci V = 9. (See Figure 4. The 
missing set is Cig j^. The vertical blue sets are U and U' , the horizontal blue sets are V and 

v.) 






Figure 4- 

Since E is homeomorphic to = [0,1] x [0,1], this raises the following question: is it 
possible to cover P by open sets U, U' , V and V so that U OU' = 9, V OV = 9 and so 
that (see Figure 5.) 

{0} X [0, 1] c u, {1} X [0, 1] c u', [0, 1] X {0} c V, [0, 1] X {1} c y? 
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Figure 



Let X be a topological space and let A, B, L be subsets of X. We say that L is a partition 
between A and B (see [4J) if there exist open sets U and in X such that 

ACU, BCW, UnW = $ andX\L = UUW. 

For n > 1 let 

r = {(a;i,...,x„) GM" I xi,...,Xn£ [0,1]}. 
For n > 1 and i S {1, . . . , n} let 

Af = {{xi,...,Xn)Gr\x^ = 0}, 
Af = {{xi,...,Xn)Gl''\x^ = l}. 

When the context is clear, we write A^ and Aj instead of A^'^ and A^'^ . Let 91" denote 
the boundary of in M", hence 

or = A^^U ■ ■ ■ U A^^U Alu ■ ■ ■ U Al^. 

It is a well known fact that there is a homeomorphism /i : B^ — )• /" such that h{S^~^) = dl^. 
Hence if E is an n— cell, then there is a homeomorphism f : I'^ ^ E. In this case f{dl^) is 
the boundary sphere of E. 

The following theorem can be found in [3] (Theorem 1.8.1). 

Theorem 3.1. Let n > 1. If Li is a partition between A^ and Aj in for i S {I, . . . ,n}, 

then nr=i U^^. □ 

Corollary 3.2. Let n > 1. Suppose Ui, . . . ,Un and Vi, ■ ■ ■ ,Vn are open subsets of I^ such 
that 

Ui n A} = 0, V^nA°^=^/> and c/^ n = 
for allie {l,...,n}. Then /" / C/i U • • • U [/:„ U Fi U • • • U I4. 

Proof. Suppose the opposite. Then {Ui, . . . , C/„, Vi, . . . , Vn} is an open cover of /" and let 
A be its Lebesgue number. We can certainly find finitely many closed subsets Bi, . . . ,Bi of 
whose union is I" and each of which has the diameter less than A. Then each of the sets 
Bi, . . . , Bi is contained in some of the sets Ui, . . . , Un, Vi, . . . , Vn- 

For i G { 1 , . . . , n} we define to be the union of A^ and all sets Bi, . . . ,Bi which are 
subsets of Ui and to be the union of Aj all Bi, . . . , Bi which are subsets of Vi. Then 
F^ , . . . , F^, Fi , . . . , F^ are closed subsets of their union is /" and for each i E {1, . . . , n} 
we have 

A}CFI andFj'nFl = t 
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Let i £ {1, . . . ,n}. Since and are closed and disjoint, there exist open sets W-' and 
Wl in I"" which are disjoint and such that OW^, F/ ^W^. Let Li = I"" \ {W^ U Wl) . 
Then Lj is a partition between and Aj. We have 



i=l 



i=l 



which is impossible by Theorem 3.1 



□ 



Corollary 3.3. Let n > 2. Suppose Ui, . . . , Un-i and Vi, . . . , Vn-i are open subsets of dl" 
such that 



Ui n ( ^"'^ n A. 



\n,0 



and Ui n Vi 



for all i £ {1, ... ,n — 1}. Let E he the union of all A^ such that 1 < i < n, p £ {0, 1}, 
{i,p) / (n,0), i.e. 

E = U • • • u U Al^ U • • • U Al'\ 
Then E is not contained in the union f/i U • • • U Un-i U Vi U • • • U Vn-i- 





Figure 6. 

Proof. See Figure 6. (case n = 3): the left and right blue sets are Ui and U2 respectively, 
and the left and right green sets are Vi and V2 respectively. In this figure E equals the 
union of vertical faces of the cube and the upper face of the cube. 
Let / : F ^ /""i be defined by 

2)'---'2 + 2xrTT(''""'"2, 



/(xi, . . . , Xn) 



1 1 

2 ^ 2x„ + l ' 



It is straightforward to check that / is bijective. Since F is compact and / clearly continuous, 
/ is a homeomorphism. For each i G {!,.., n — 1} we have 



/ ^^r" n = ^r^'°, / [Af n A-J) = A'; 

Suppose that E (lUiU ■ ■ - U Un-i U li U • • • U K-i- Then 

/"-I = /(F n ?7i) u • • • u /(F n Un-i) u /(F n Fi) u • • • u /(F n K). 

For each i G {1, . . . , n — 1} the sets /(F n Ui) and /(F n 14) are open in disjoint and 



,n-l,l 



/(F n n A 



ra-1,1 



/(Fn^OnA 



n-1,0 



This is impossible by Corollary 3.2 



□ 
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For i E {1, . . . , n} let 



d^N^ = {{xi, . . . G I = 0}, dlN^ = {(xi, ...,Xn)GN^\x, = m} 



and let 



5N;^ = I U d^N^, u U ^'^^ 

^l<i<n J \l<i<n 

Let X be a set, n > 1 and m G N. A function 

C : ^ P(X) 
is called an n-chain in X (of length m) if 

a„...,i„nc,„...,,„ = (3.4) 

for all (ii, . . . , (ji, . . . ,jn) G NJ^ such that |i/ — j/| > 1 for some ^ G {1, . . . , n}. Here we 
use Ci^^,,,^i^ to denote C{ii, . . . , 

A spherical (n — l)-chain in X (of length m) is a function 

C : ^ ViX) 

such that ( |3.4[ ) holds for all {ii, . . . ,in), {ji, ■ ■ ■ ,jn) £ such that \ii — ji\ > 1 for some 
I G {l,...,n}. 





Figure 7. A 2-chain and a spherical 1-chain 

If C : — )■ V{X) is a function, we define its boundary dC as the restriction of C 
to ON^. For i G {1, . . . , n} and p G {0, 1} we define (?f C as the restriction of C to SfNJ^. 
Note: if C is an n-chain, then dC is a spherical (n — l)-chain. 

If C : ^ V{X) is a function and i G {1, . . . , n}, p G {0, 1}, we also use dfC to 
denote the restriction of the function C to OfN^. 

If {X,d) is a metric space, then we say that an n— chain C = (Cj^^..,^j„)o<ii,...,i„<m in 
X is open if Ci^^,,,^i^ is an open set in (X, d) for all ii, . . . ,z„ G Nm- We similarly define 
the notion of a compact n-chain in (X, d) and the notions of open spherical n-chain and 
compact spherical n-chain. 

In general, if A is a set and f : A ^ ^ function, we will denote by |J / the union 

[JaeA /(^) we will say that / covers S, where 5 C X, if S" C y /. If (X, d) is a metric 
space and /(a) a nonempty bounded set for each a £ A, then we define mesh(/) as the 
number 

mesh(/) = max (diam /(a)) . 

Let e > 0. A (spherical) n-chain C in a metric space (X, d) is said to be a (spherical) 
e — n-chain if mesh(C) < e. 
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A function C : A ^ ^(-^)) where A C N^, is said to be e— proper if for all (ii, . . . , i^), 
iji,---,jn) e -4 such that \ii - ji\ < l,.--,Kn - jn\ < 1 there exist x e Ci^^,„^i^ and 
y G Cjj such that d{x,y) < e. 

The proof of the following lemma is straightforward. 

Lemma 3.4. Let {X,d) be a metric space, e > and A C N"^. Let C,D : A ^ T^i^) 
be such that D{a) ^ and D{a) C C(a) for each a ^ A. Suppose C is e— proper and 
mesh(C) < e. Then D is Se— proper. □ 

Lemma 3.5. Let {X,d) be a metric space and let K be a compact (spherical) n-chain of 

length m in (X, d). Suppose Ui, . . . ,Uk are open sets. Then there exists an open (spherical) 
n-chain C of length m in {X, d) such that Ka C Cq for all a £ NJ^ and such that Ca C Ui 
whenever i E {1, . . . ,k} is such that Ka C Ui. Moreover, if mesh(i^) < r, we can choose C 
so that mesh(C) < 2r. 

Proof. If S C X and £ > let 

Se=[jB{s,e). 

seS 

This is clearly an open set. If is a compact set contained is some open set V, then there 
exists £ > such that Ss ^ V. Furthermore, if 5* and T are disjoint compact sets, then 
there exists e > such that 5'e n = 0. It follows readily from this that there exists e > 
such that C : N;^ ^ V{X) (or C : dW^ V{X)) defined by Ca = {Ka)e is a desired 
n-chain (spherical n-chain). □ 

Proposition 3.6. Let n > 2. Suppose f : 5/" —^Sisa homeomorphism, where S is a 
subspace of a metric space {X, d). Let U^ , 1 < i < n, p E {0, 1}, be open sets in {X, d) such 
that 

for all i G {1, . . . ,n} and p £ {0, 1}. Then for each e > there exists an open spherical 
£ — (n — 1) -chain C in {X, d) which is e— proper, which covers S and such that 

for all i G {1, . . . , n} and p G {0, 1}. 

Proof. For m G N let £)™ : N^^ -> Vil") be defined by 

"I" 1 

m -|- 1 ' m + 1 

Then is a compact n— chain in /" which covers . Clearly for each £ > there exists 
m G N such that mesh(Z)"*) < e. Note that for all (ii, . . . (ji, . . . , j„) G such that 
In - Ji| < 1,- ■ • ,Kn - inl < 1 we have 

We easily conclude from this that for each £ > there exists m G N such that mesh(Z)"^) < e 

and such that D"^ is £— proper. 

The boundary dD™^ is a spherical (n — l)-chain in which covers 5/". 
For m G N let : dW^ V{dl'') be defined by 

G™(a) = (5L'")(a)n5/". 



AT,. 



ii ii + l 
m + 1 ' m -|- 1 



X • • • X 
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Then is a compact spherical (n — l)-chain in dl^ which covers dl^, moreover 

for ah i £ {1, . . . ,n} and /> G {0, 1}. Note that these sets need not be equal, however: 

for each x G I J (5fG™) there exists y G such that d'(x,y) < , (3.5) 

w ' m + 1 

where d' is the Euclidean metric on M."'. We also have that for each e > there exists m G N 
such that mesh(G"*) < e and such that is e— proper. 
For m G N let : ^N^J, ^ V{S) be defined by 

F-(a) = /(G™(a)). 

Then F"* is a compact spherical (n — l)-chain in S which covers S and such that 
for all i G {1, . . . , n} and p G {0, 1}. 





Figure 8. D^, dD^, and F^ (in the case re = 2) 



The fact that / is uniformly continuous implies, together with (3.5), that for each e > 



there exists rre G N with the property that F"^ is e— proper, mesh(F™') < e and with the 
property that for all i G {1, . • . ,re}, p G {0, 1} and x G |J {d^F^) there exists y G /(^f) 
such that (i(x, y) < e. 

Let e > 0. Using the fact that the sets are compact and C/f are open, it is not hard 
to conclude now that there exists m G N such that F*" is e— proper, mesh(F™) < | and 



3.5 



to F and the sets and 



for all z G {1, . . . , re} and p G {0, 1}. Now we apply Lemma 

we get an open spherical e — (re — l)-chain C in (X, d) which is e— proper such that 

/(vlf ) c U(5f C) c c/f 
for all i G {1, . . . , n} and p G {0, 1}. □ 
In the same way we prove the following proposition. 

Proposition 3.7. Let re > 1. Suppose f : I"^ ^ E is a homeomorphism, where E is a 
subspace of a metric space {X, d). Let , 1 < « < re, p G {0, 1}, he open sets in (X, d) such 
that 

for aZH G {1, . . . , re} and p G {0, 1}. Then for each e > there exists an open e — n-chain 
C in {X, d) which is e— proper, which covers E and such that 

for all i G {1, . . . , re} and p G {0, 1}. 
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If {X, d) is a metric space, then for nonempty subsets S and T of X we denote the 
number inf{(i(x, y) | x G 5, y e T} by d{S, T). 

The next proposition provides conditions under which a spherical (n— l)-chain approx- 
imates an (n — l)-sphere. 

Proposition 3.8. Let f : 51" S be a homeomorphism, where S is a subspace of a metric 
space {X, d). Let W[, 1 < i < n, p e {0,1} , be open sets in {X, d) such that n = 
for all i G {1, . . . , n}. Let e > be such that 

2£<d(/(A0),/(A')) (3.6) 

for each i G {1, . . . , n} . Suppose C is an open spherical e — (n — l)-chain in {X, d) of length 
m which is e— proper, which covers S and suppose that 

/K) C Wf, \J{d^C) C W[ 

for all i G {1, . . . ,n} and p G {0, 1}. Then for each x E [jC there exists y E S such that 

d{x, y) < 3e. 

Proof. It is enough to prove the following: for each {pi, . . . ,pn) G 5N"j with the property 
that pk G {0,m} for exactly one k G {!,..., n} the set Cpj^...^p^ intersects S. Namely, 
if this holds, then for each {qi,. . . , q^) G dW^ there exists {p\, . . . ,Pn) € dNJ^ such that 
ki — Pi| < 1, • • • ; kn — Pn\ < 1 and such that Cp^^...^p„ H S" / 0. Since C is an e — (n — 1)- 
chain and £— proper, we now easily get that for each x &\JC there exists y & S such that 
d{x, y) < ?>£. 

Suppose the opposite, that there exists (pi, . . . ,Pn) £ dW^^ such that Pk G {0,m} for 
exactly one k G {1, . . . , n} and such that Cp-^^^,„^p^ n 5" = 0. We may assume pn = m (all 
other cases can be reduced to this one if we modify C and / by interchange of appropriate 
coordinates). It follows < pi < m, . . . , < Pn-i < m. 

For iG{l,...,n— l}we define the set Ui as the union of all sets of the following form: 

Cj,,...J^_,,lJ^^^,...J^_,,m, where I < pf, (3.7) 
Cji,-ji-i,oji+i,...j„; (3.8) 

where this set is such that it intersects f{A^). (3-9) 
Furthermore, let Vi be the union of all sets of the following form: 

Cj^,...,ji-ul,ji+i,-,jn-i,m, where I > pf, (3.10) 
^ji,---,ji-i,'m,ji+i,...,j„i (3-11) 
^iivJn-1,0) where this set is such that it intersects f{Al). (3-12) 
Let i G {1, . . . ,n — 1}. The sets Ui and Vi arc open and it is straightforward to check 
that they are disjoint. (Figures 9. and 10. show C in case n = 3 and m = 5; the red set is 
Cp-^.p2,p3, in this case C2^2.5, the blue sets in Figure 9. arc Ui and Vi, the blue sets in Figure 
10. are U2 and V2. For example, note that in Figure 11. the black set is 6*3^0,2, the red set 
is C'SjO,: and the blue set is C5,o,5-) 
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Figure 9. 



Figure 10. 



We also have 



Figure 11. 



UifM{A\f^Al) 



(3.13) 



Otherwise, the set f[A] n = f{A]) n /(^°) would intersect one of the sets in ( [3/7| , 
(3.8) or (3.9). The sets in (3.7) are contained in which is disjoint with f{A^). The sets 
in (3.8) are contained in which is disjoint with f{A\). Finally, f{A^) cannot intersect 



(3.14) 



a set in (3.9) since (3.6) holds. In the same way we get 

v-n/(AOn^O) = 0. 

Let 

= f/i U • • • U Un-l U Vl U • • • U Vn-l. 

Let z G {1, . . . , n} and p € {0, 1} such that (i, p) ^ (n, 0). We claim that 

/(Af) C (3.15) 

Suppose that there exists x G f{Al) such that x ^ VL. Since C covers S, there exists 
(ji, • • • , jn) G 5N;^ such that 

We have (ji, . . . , j„) / (pi, . . . ,pn) since Cpi,...,p„ n 5 = 0. So, if jn = m, then Cj,,...j„ must 
be one of the sets in (3.7) or (3.10). But this is impossible since x ^ Q. So jn < rri. Now, 

or (3.11), impossible. Therefore j„ 



if jn > 0, then Cj^,...j„ is one of the sets in (3 



0. 



We have Cji^...j^ n /(^f) 7^ and this also yields to contradiction. Namely, if z < n, 
then Cj^^..,j„ is one of the sets in (3.9) or ( 3.12[ ). And if i = n, then p = 1 and 



which is impossible since H = 0. Hence ( |3.15[ ) holds. 
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Let 

^ = ^0 U • • • U UA\u---UAl,. 

For each i £ {1, . . . ,n — 1} the sets f~^{Ui) and f^^{Vi) are open in dl^, they are disjoint, 
by ( [3l3l ) and 

r\u,) n n = 0, /-H^^) n (4° n = 



and by (3.15) 

E c ri([/i) u • • • u r\Un-i) u /-^(yi) u • • • u r^(K-i). 



This is impossible by Corollary 3.3 D 



The next proposition provides conditions under which an n-chain approximates an n- 

ceU. 

Proposition 3.9. Let f : ^ E be a homeomorphism, where E is a subspace of a metric 
space {X,d). Suppose C is an open e — n-chain in {X,d) of length m which is e— proper, 
which covers E and such that dC covers f{dl") and suppose that W[ , 1 < i < n, p £ {0, 1}, 
are open sets in {X, d) such that 

2e<d{Wf,Wl), 
f{AP) C W( and |J(5fC) C W[ 

for all i G {1, . . . , n} and p G {0, 1}. Then for each x E |J C there exists y G E such that 
d{x, y) < 7e. 

Proof. It is enough to prove that for each (pi, . . . ,Pn) £ NJ^ with the property that 1 < 
Pfc < m — 1 for each k £ {1, . . . ,n} the set Cp^^,,,^p„ intersects E. Why is it enough to prove 
this? Suppose that this fact holds. Assume that m > 4. Let x £\JC. Then x G Cq^^,,,^q^ 
for some (gi, . . . , g„) G NJ^. For i G {1, . . . , n} let 

{ lifg* = 0, 

cii= I m — 1 if Qi = m, 
[ Qi otherwise. 

Then jgi — < 1, . . . , \qn — Qn\ ^ 1 ^-nd 1 < < m — 1 for each i £ {1, . . . , n}. Since C is 
e— proper, there exist x' G Cq^^,,,^q^ and x" G Cqi_^ qi^ such that d{x',x") < e. Now, let the 
numbers pi, . . . ,pn be defined by 

r 2ifg^ = i, 

Pi = < m — 2 ii q[ = m — \, 
y q[ otherwise, 

i G {!,..., n}. We have Ig^ — Pi\ < 1, \q'n — Pn\ < 1| and therefore there exist 
y" G Cqi^ q/^ and y' G Cp^^,,,^p^ such that d{y",y') < e. Clearly 1 < < m — 1 for 
each i G {1, . . . , n} and therefore there exists y G Cp^^,,,^p^ H E. Using the fact that the 
diameters of the sets Cgi^...^g„ , Cg^^ and Cp^^..._p,^ are less than e, we obtain 

d{x, y) < d{x, x') + d(x', x") + d{x", y") + d{y" , y') + y) < 5e. 

If m < 3, then for all (oi, . . . , a„), (6i, . . . , 6„) G NJ^ we have, for each i G {1, . . . , n}, 
that Oj, 6i G {0, . . . , m} C {0, 1, 2, 3} and therefore there exist Cj, G {0, . . . , m} such that 
|oi — Cj| < 1) |ci — rfil ^ li — < 1 which, together with the fact that C is e— proper, 
implies that there exist x G Cai,...,a„, x',y' G Cci,,..,c„, G Cdi,...,d„ and z G Cbi,...,6„ 
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such that d{x,x') < e, d{y',y") < e and d{z",z) < e. It foUows d{x^z) < 5e. This proves 
that d{Ca,Cb) < 5e for all a,b & NJ^. Since E is nonempty and contained in |J C, there 
exists b G NJ^ such that CbH E $. It follows d{Ca, E) < 6e for each a € NJ^ and therefore 
for each x G[jC we have d{x, E) < 7e. 

So, let (pi, . . . , p„) S be such that 1 < < m — 1 for each k £ {1, . . . ,n}. We want 
to prove that Cpj^..._p„ Ci E ^ ^. Suppose Cj 



pi, 



HE 



For i S {1, . . . , n} let C/j be the union of all sets C^^^. 



or 



ji < Pi and 1 < jfc < m — 1 for all /c G { 1 

j^ G {0,1}. 



such that 
,n} 



(3.16) 
(3.17) 



Let Vi be the union of all sets Cj^^... j„ such that 



ji > Pi and 1 < jk < m — 1 for all /c G {1, . . . , n} 



or 



jj e {m - l,m}. 

For each i £ {1, . . . , n} the sets C/j and Vi are open and disjoint. Note that every Cj 
where {ji, . . . ,jn) 7^ {pi, . . . ,Pn), is contained in some Ui or Vi. Therefore 

E CUiU---UUnLlViU---UVn. (3.18) 

Let i G {1, . . . ,n}. We prove now that 

Uinf{Al) = (l}. (3.19) 

Suppose the opposite, that Ui n fjAj ) ^ 0. It follows from the definition of Ui that there 
exist ji, . . . ,jn S Nm such that (3.16) or (3.17) hold and such that Cj^^,,,j„ n f{Aj) ^ 0. 
However, if (3.16) holds, then 1 < jk < m — 1 for all k S {1, . . . ,n} which implies that 
Cii,...,i„ is disjoint with \J{dC). But we have the assumption that dC covers f{dl^) and 
this implies that Cj-^^,„j„ is disjoint with f{dl^) which is impossible. Therefore, (3.16) does 
not hold which means that (3.17) holds. Hence we have 

C.i,...,>.n/(4^)^0andj, G{0,1}. 

This, together with U(9-'C) C Wf and f{A\) C , implies d{Wf,Wl) < 2e (namely, if 

ji = 0, then Wf n W} / 0, and if ji = 1, then d{Cj^ in^ ^i) < ^ since C is e— proper and 

this implies d{W^ ,Wl) < 2e). A contradiction. Hence (3.19) holds. In the same way we 
get 

y,n/(AO) = 0. (3.20) 
For each i G {1, . . . ,n} the sets f~^{Ui) and f^^{V) are open in /" and disjoint. By 

/" = f-\ui) u • • • u r\Un) u f-\vi) u • • • u rHVn), 



(3.18) 



and by ^Jd^ and dS^O] ) 

/-!([/,)□ 41 = 0, /-i(y.)n4° 

This is impossible by Corollary |3.2[ 



□ 
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4. COMPUTABILITY OF CO-C.E. SPHERES AND CELLS 
Let n > 1. A finite n— sequence in N is any function of the form 

{0,...,m}''^N. 

Recall that any finite sequence io, . . . ,im in N is of the form {j)o, . . . , for some j G N. 
Let / : N" — )• N be some computable injection and let r and r' be the functions from the 
section Preliminaries. We define S : N"^^ — )• N by 

S(i,ji,...,J„) = (-'"(i))/(ji,...,j„)- 
Then for any finite n— sequence a in N there exists i £N such that a equals the function 

{0,...,r'(i)r^N, 

(jl,---,jn) H> S(f,ii,...,j„). 
We will use the following notation: i instead of T'{i) and, for n > 2, instead of 

ji, . . .,jn)- 

Let {X, d, a) be a computable metric space. For / G N let Tii be the finite n— sequence 
of sets in X defined by 

^^' = (^(o......„)o<,„...,„<r 

(i.e. Til is the function {0, . . . , /}" — )■ ViX) which maps (ji, . . . , j„) to J(i)^_^ j^)- 
For / G N let Hi be defined by 



■W/ = J(i) 

In Euclidean space M" we can effectively calculate the diameter of the finite union 
of rational balls. However, in a general computable metric space the function N — t- M, 
j diam(Jj), need not be computable. For that reason we are going to use the notion 
of the formal diameter. Let {X, d) be a metric space and xq, . . . ,Xk G X, tq, . . . , G M+. 
The formal diameter associated to the finite sequence (xq, vq), . . . , (x^, r^) is the number 
L> G M defined by 

D = max dix^^Xw) + 2 max r^. 

0<v,w<k 0<v<k 

Let {X, d, a) be a computable metric space. We define the function fdiam : N — )• R in 
the following way. For j G N the number fdiam(j) is the formal diameter associated to the 
finite sequence 

(ar((j)o)> 9r'((i)o)) > • • ■ > («r((i)-), gT'((i)-)) • 

We have the following proposition (for the proof see [5]). 

Proposition 4.1. Let (X,d,a) be a computable metric space. 

(1) For all j G N, diam(^) < fdiam(j). 

(2) fdiam : N — )• M is a computable function. 

(3) Let S be a compact subset of {X, d), r £ M+ and Co, ... , Cm a finite sequence of open 
sets which covers S and such that diam(Cj) < r for each i G {0, . . . Then there 
exist jo, ■ ■ . ,jm £ N such that the finite sequence of sets Jj^, . . . , Jj^ covers S, Jj. C d 
and fdiam(jj) < r for each i G {0, . . . , m}. 
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Let the function fmesh : N — )• M be defined by 



fmesh(/) = max fdiam((/)j^....j^) 

o<ju-,jn<r 



It is immediate from Proposition 4.1 and Proposition 2.2 that fmesh is a computable func- 
tion. 

Proposition 4.2. Let {X,d,a) be a computable metric space. The sets 

n = {{l,k) gN^ \ -Hi is 2"'= - proper} 

and 

n' = {(/, fc) G I dni is 2-^ - proper} 

are c.e. 

Proof. Let $ : P(n2"+2) be defined in the following way. For l,k eN let $(/,/c) be 

the set of all 

(/, /c, , ..,ini jl, ■ . . , jn) 

such that ii, ..,in,ji, . . ■ ,jn £ N|- and \ii — ji\ < 1, \in — jn\ < 1- Then <I> is c.c.b. 
On the other hand, let S be the set of all {l,k,ii, . . . , imji, ■ ■ ■ ,jn) for which there exists 
X G J{i)i-^ i y G <^(/)j^ J such that d{x,y) < 2~^. This is equivalent to the fact that 
there exist p,q £ N such that 

^ -^(On,- ...in' "i ^ '^{l)n,...,on d{ap,aq) < 2'^ (4.1) 



The set T of all {l,k,ii, . . . , i„, ji, . . . ,jn,P,(l) such that (4.1) holds is c.e. by Corollary 2.4 
and Proposition |2.2[ Therefore S is c.e. Since 

Q = {(l^k) I ^{l,k) C S} 



we have that $7 is c.e. by Proposition 2.1 We similarly get that il' is c.e. D 



Lemma 4.3. Let {X, d, a) be a computable metric space. There exists a computable function 
: N — 7- N such that J^(i) = \JT~(-1 for each I G N. There exists a computable function 
: N — )• N such that J(^'(^i) = UidHi) for each I G N. Furthermore, for all i G {1, . . . , m} 

and p G {0, 1} there exists a computable function ^" : N — )• N such that Jc_"{i) = 

for each I G N. Similar statements hold for Jj and Hi, dHi, d^ T-Li. 

Proof. It is enough to prove the following: if $ : N — )• P(N") and \& : N" — ;> 'P(N) are c.c.b. 
functions such that $(/) 7^ and ^{a) ^ for all / G N and a G N", then there exists a 
computable function ^ : N — t- N such that 

%)= U U (4-2) 

aG*(i) je*(a) 



However, if $ and ^ are such functions, by Proposition 2.1 there exists a c.c.b. function 
A:N^P(N) such that 

U U U 



For each / G N there exists j G N such that A(/) = [j] (recall definition (2.1)). Since 



the set S = {{l,j) \ A{1) = [j]} is computable (Proposition 2.1) and for each / G N there 



exists J G N such that {l,j) G S, there exists a computable function : N — >• N such that 



(/, C(0) e S for each / G N. It follows (4.2). □ 
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The proof of the following proposition can be found in [5 j . 

Proposition 4.4. Let (X, d, a) be a computable metric space which has the effective cover- 
ing property and compact closed balls. 

(1) The set {{i,j) € | C Jj] is c.e. 

(2) Let S be a co-c.e. set in {X,d,a) which is compact. Then the set {i G N | S" C J^} is 
c.e. □ 

Corollary 4.5. Let {X, d, a) be a computable metric space which has the effective covering 
property and compact closed balls and let S be a co-c.e. set in {X,d,a) which is compact. 
Then the sets 

{I £ N \ Hi covers S} and {/ G N | dTii covers S} 

are c.e. 



Proof. This follows from Lemma 4.3 and Proposition 4.4 O 



The following proposition can be proved in the same way as Proposition 32 in [5J. 

Proposition 4.6. Let {X, d, a) be a computable metric space which has the effective cov- 
ering property and compact closed balls. The sets ^1 = {I G N \ Tii is an n-chain} and 
0' = {/ G N I dTii is a spherical (n — 1)- chain} are computably enumerable. □ 

The following lemma can be proved similarly as Lemma 14 in [S]. 

Lemma 4.7. Let (X,d,a) be a computable metric space. Let S be a compact set in this 
space such that that there exists a computable function / : N — )• N with the property that for 
each k the following holds: 

S ^ Jf{k) C'lT'd for each x G Jf{k) there exists y G S such that d{x, y) < . 
Then S is computable. D 

Theorem 4.8. Let (X, d, a) be a computable metric space which is locally computable. Let 
S be an (n—1) — sphere in {X, d) and suppose S is co-c.e. in {X, d, a). Then S is computable. 

Proof. As we have seen, we may assume that {X, d, a) has compact closed balls and the 
effective covering property. Let / : dL^ — t- S be a homeomorphism. Choose sets W[, 
1 < i < n, p G {0, 1}, so that each of these sets is a finite union of rational balls (i.e. of the 
form Jj) and so that 

W^nWl =$ and /(Af ) C W[ 
for all i G {1, . . . , n} and p G {0, 1}. 
Let fco G N be such that 

2.2-'=o<d(/(4°),/(A')) 

for each i G { 1 , . . . , n} . 

By Proposition 3.6 for each e > there exists an open spherical e — (n — l)-chain C in 
{X, d) which is e— proper, which covers S and such that 

f{Al) c U(5f C) c 

for all i G {1, . . . , n} and p G {0, 1}. 
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From this, Lemma 3.4 and Proposition 4.1 we conclude that for each E N there exists 



/ G N with the foUowing properties: 

dHi is a spherical (n — l)-chain, 
dUi covers 5, 
fmesh(/) < 2-('=+'=o), 
&Hi is 2-(*=+^n) - proper 

and 



U ^f^' 



(4.3) 
(4.4) 
(4.5) 
(4.6) 

(4.7) 



for all i E {1, . . . , n} and /? E {0, 1}. 



Let be the set of all {k,l) such that (4.3), (4.4), (4.5), (4.6) and UTl] hold. Then 



Lemma 4.3 



$7 is c.e., which follows from Proposition 4.6, Corollary 4.5, Proposition |4.2 
Proposition 4.4 '1) and the fact that fmesh is a computable function. The fact that O is c.e. 
and the fact that for each /c E N there exists / E N such that [k, I) G Q imply that there 
exists a computable function (7 : N — t- N such that {k, g{k)) E for each A; E N. 

for each x E U(^^g(fe)) there exists y G S such that 
imply that S is computable 



Let E N. By Proposition 

-k 



d{x,y) < 3 • 2 . Now Lemma 



3.8 



4.3 



and Lemma 



4.7 



□ 



Theorem 4.9. Let {X, d, a) be a computable metric space which is locally computable. 
Let E be an n—cell in {X,d) and suppose E and the boundary sphere of E are co-c.e. in 
{X,d,a). Then E is computable. 



Proof. We proceed in a similar way as in the proof of Theorem 4.8, First, we may assume 
that {X, d, a) has compact closed balls and the effective covering property. Let f : I'^ ^ E 
be a homeomorphism. Let S = f{dl^). Choose sets W[, 1 < i < n, p £ {0,1}, so that 
each of these sets is a finite union of rational balls and so that the closures and 
are disjoint and /(^f ) ^ W[ for all i E {1, . . . , n} and p E {0, 1}. Let /cq £ be such that 
2 • 2^^o < d{W^, Wl) for each i E {1, . . . , n} (such ko certainly exists since and are 
compact and disjoint for each i E {1, . . . , n}). 

Using Proposition 3.7 Lemma[3.4|and Proposition 4.1 we conclude that for each A; E N 



there exists I E N with the following properties: 

Til is an n-chain. Hi covers E, &Hi covers S, 
fmesh(/) < 2-('^+'=o\ Tii is 2-('=+'=o) 

and 



proper 



U i^'^i 



(4.8) 
(4.9) 

(4.10) 



for all i E {1, . . . , n} and p E {0, 1}. 

As in the proof of Theorem |4.8| we conclude that there exists a computable function 
N such that ([48]), ([49]) and ( [410] ) hold for each A; E N and / = g{k). Let A; E N. 

for each x E U^3(fc) there exists y £ E such that d{x, y) < 7 ■ and 
therefore E is computable. □ 



9 : N 
By Proposition 
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Let US mention that a computable n-cell need not be computably homeomorphic to 
the unit ball in R". It has been shown in [7] that there exists a computable arc E in 
with computable endpoints, but such that there exists no homomorphism [0, 1] — )• which 
is a computable function. Similarly, a computable (n — l)-sphere need not be computably 
homeomorphic to the unit sphere in M" ([!])• 

5. Conclusion 

In this paper we have seen that topology plays an important role regarding the computability 
of co-c.e. sets in computable metric space. We have seen that the topological types of 
an arbitrary dimensional sphere and an arbitrary dimensional cell behave well from this 
viewpoint not just in Euclidean space but in any computable metric space which is locally 
computable, in particular in any computable metric space which has the effective covering 
property and which is locally compact. Such a computable metric space is for example the 
Hilbert cube equipped with a natural computability structure (see e.g. [S]). 

It should be mentioned that co-c.e. spheres, as well as co-c.e. cells with co-c.e. bound- 
ary spheres, need not be computable in a computable metric space which is not locally 
computable. Moreover, by [6], there are examples of computable metric spaces X and Y 
such that X has the effective covering property and Y is compact, but such that both X 
and Y have noncomputable co-c.e. topological circles and a noncomputable co-c.e. arcs with 
computable endpoints. 
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